Summary. The generalized ray and reflectivity methods of waveform synthesis have been compared for realistic models of the upper mantle and of the oceanic crust. Both methods entail some approximations, but the one which requires the most careful testing is the truncation of the generalized ray sum. It has been shown in this study that for the types of time windows typically used in waveform modelling the generalized ray sum converges very rapidly to the reflectivity result. In most cases, it is only necessary to include the primary rays in the sum. Additional internal multiples are sometimes necessary if the model contains thin high gradient zones. The primary rays alone do not always correctly predict the amplitude decay of the supercritical reflection from the gradient. Multiples are also required to avoid long-period errors and truncation arrivals if very shallow travelling energy arrives within the time window of interest. It has also been shown that a number of fast approximate methods provide a very cost efficient alternative to the two more exact methods. The best approach to trial and error modelling studies appears to be to begin with a fast approximate method, to advance to generalized ray theory for the final iterations and to use reflectivity to test and to store the results.
Introduction
The generalized ray and reflectivity solutions for body wave propagation in plane layered media have been shown to be mathematically equivalent (Kennett 1974; Cisternas, Betancourt & Leiva 1973) . From a practical viewpoint, however, the two methods are not equivalent in that the numerical integrals in reflectivity are often truncated to reduce computing costs and only a portion of the possible rays can be included in the generalized ray sum. A number of additional approximations are also often made in the actual computer codes in order to increase computing efficiency. Wiggins & Helrnberger (1974) have outlined the approximations typically used in generalized ray programs as have Fuchs & Muller (1971) for reflectivity codes. The two approaches have been used extensively in recent years, often in situations where it was not possible to test for inaccuracies of the approximate methods. The use of synthetic seismograms to match observed waveforms has become widespread, and sometimes the details of the waveforms are matched very precisely. In these cases, even small inaccuracies could be significant. The purpose of this paper is to report on a comparison of the two methods for realistic velocity models of the crust and upper mantle. Several alternate versions of both reflectivity and generalized ray theory have been advanced over time. It should therefore be noted carefully that in the calculations presented here the reflectivity method is the one discussed by Fuchs & Muller (1971) , and the ray theory method is Cagniard-de Hoop. Both of these rely on a layering approximation to the velocity structure and on an Earth flattening transformation. Therefore the relative accuracy of these procedures cannot be established. Other recently developed methods such as full wave theory or the generalized ray method of Chapman (1 974, 1976a) do not rely on these approximations, which suggests that additional method comparisons may be useful in the future.
Of the various approximations which are necessary, perhaps the one which requires the greatest care is the selection of a set of rays in a generalized ray calculation. The set must be at once extensive enough to be accurate yet limited enough to be practical. Much of this work has been directed at testing the adequacy of the partial ray sums used in current studies of Earth structure. The convergence of partial ray sums has been studied previously by Gilbert & Helmberger (1972) , Helmberger (1973a) , Kennett (1974) , Muller (1970) , Hron (1971) and Chapman (1974 Chapman ( , 1976a among others. It has been found that in many cases it is only necessary to include one ray from each layer. In other cases such as in shadow zones or for coarsely layered structures with large velocity jumps, it is necessary to include many internal multiples. The usual way to test for the convergence of a ray sum, if only a generalized ray program is available, is to attempt to change the result by adding more multiples. This type of argument is obviously weak because a different set of multiples other than the ones tested may be important or because a very large sum of small additional multiples may begin to have an effect. A much superior way to test for the convergence of a ray sum is to compare with a reflectivity calculation since reflectivity automatically includes all internal multiples. Muller (1970) concluded from a study of a transition layer between two homogeneous fluids that the convergence of ray sums for media with continuous velocity gradients and multiple transition zones would be too slow to be practical. This is a very disturbing result since this is precisely the type of velocity distribution which is often appropriate for the real Earth. However, the conclusions of Muller, were based on attempts to compute arrivals which reflected well beyond the critical angle. Most waveform modelling studies are directed at modelling only the critically reflected first arrival and a short segment of record after it. Most of the energy in the window is reflected near the critical angle. The convergence properties of the partial ray sums is often much more reasonable for such a window. In this study, we have tested the accuracy of partial sums by comparing reflectivity and generalized ray results for critically reflected arrivals from two different types of velocity structure. These were an upper mantle velocity profile and a typical oceanic crustal profile each of which was based on an actual waveform study. Both were characterized by moderate to strong gradient regions interspersed with relatively small first-order discontinuities or thin high gradient zones. The distance ranges and time windows considered were very comparable to those actually used in the original modelling studies.
It is possible to extend either method to vertically inhomogeneous (non-layered) spherical media although quite restrictive approximations are required for generalized rays (Chapman 1974 (Chapman , 1976b . In the case of the reflectivity method the computation can be quite complete.
However, the calculation of spherical propagators or using a technique such as Runge-Kutta integration to solve the equations of motion in inhomogeneous media may be quite expensive or numerically unstable at high frequencies. Methods have been developed for including the free surface reflections and for extending the ray parameter quadrature to high wavenumbers in reflectivity calculations, but these improvements are both expensive and unnecessary for the body wave problems to be treated in this paper.
A comparison of numerical techniques
Since certain approximations are used in both reflectivity and generalized ray calculations, we do not know in principle what the exact solution to a given wave propagation problem is. However, many approximations involved in the two approaches are fundamentally different. It therefore seems reasonable to presume that if both methods produce the same result, it is the correct one. The approximate steps involved in reflectivity are somewhat less restrictive than those in a generalized ray calculation. To review them briefly, let us consider the compressional potential 4 for an explosive point source. The source will be located at z = 0, r = 0 in a cylindrical coordinate system. The velocity structure will be approximated as a stack of plane parallel layers with increasing velocity, under the source, normal to the z axis. For the upper mantle models, the spherical velocity structure of the Earth will be transformed to a flat geometry using the Earth flattening approximation discussed by Gilbert & Helmberger (1972) and Chapman (1974) . The compressional potential at z = 0, r = A is given by
F(w) is the Fourier transformed source time function, aj is the compressional velocity in the jth layer and y is the angle of incidence of compressional energy in the rnth layer in the stack. The mth layer and above comprise what is called the refracting zone, and the layers below m comprise the reflecting zone. In the refracting zone, only the transmission losses T(w, y) and the phase shifts 7(w, 7 ) of a plane wave at constant y and w are considered. In the reflecting zone, the complete complex reflectivity R,, (o, y) is computed using the method of Kennett (1974) . Alternative methods are possible (Haskell 1963; Gilbert & Backus 1966) . Four major approximate steps have been taken to arrive at expression (1). The first ignores waves which have previously been reflected at the free surface; surface waves, for instance, cannot be represented in the classical reflectivity method. The second was the division of the layered medium into a refracting zone and a reflecting zone of complete solution. Reverberations within the refracting zone can easily be represented through higher-order terms of the ray expansion (Kennett 1974 ) and the effect of the transmitting zone can be made arbitrarily small by decreasing its thickness. The third approximate step was the replacement of a Bessel function, Jo [Ak,, sin(y)], with the first term of its expansion for a large argument. This is the term in brackets in equation (1). This step is again arbitrary, and the exact Bessel function could be used if necessary with an associated loss in computation speed. The fourth step is the limitation of the angle integration to real angles between y1 and yz. These angles are generally chosen to give all compressional energy which is reflected critically in the reflecting zone. There also must be a tapering window in y space to minimize the effect of truncation phases in the time domain. The numerical integration itself is performed using a trapezoidal rule. Finally, the frequency domain expression (1) for the model response is tapered in frequency space and transformed to the time domain using an FFT algorithm. The restriction of the reflectivity integration to a segment of angles on the real axis poses no real difficulty for the problems to be considered here. It is, however, the strongest restriction of reflectivity because it substantially limits the types of problems for which reflectivity can be used. The method cannot be used whenever the surface waves begin to interact with the body waves. This is unfortunate because this is precisely the type of problem which must be solved to model near field strong motion waveforms, to model long-period wave propagation in the crust and lid or to model a number of other wave propagation phenomena of current interest. Reflectivity can be generalized to treat these problems in complicated media but the cost becomes rather high and the computational procedure very complex ( 
path (Wiggins & Helmberger 1974 ). H i s the Heaviside step function, * is the convolution operator and p is a complex variable which is a generalization of the classical ray parameter. p is evaluated along a contour which is chosen such that the time t , as defined by equation (3), is real and increasing. N is the number of rays in the ray set, Rj is the product of all the transmission and reflection coefficients along the jth raypath and thi is the thickness of a given layer along the path. To arrive at expression (2), it is necessary to replace a Bessel function of the second kind Ko(spA) by the first term of its asymptotic expansion, but as before this step is not necessary (Helmberger 1968) . The two functions in the convolution operation each contain singularities and, since the convolution is done numerically, the singular points must be smoothed in some fashion. The number of rays N that arrive in a given time window is generally finite, but for most realistic velocity structures it is much too large to be practical. There is no alternative to truncating the ray sum at some reasonable point. Two additional approximate steps were recommended by Wiggins & Helmberger (1974) to increase computing speed for models with many layers. The first is to compute the full transmission coefficients only for the three or four fastest layers along the raypath. The coefficients for layers where the wave is travelling steeply are set equal to one. The second is to approximate most of the terms in expression (3) with a high-order Taylor series expansion. Several of the terms which are closest to zero and consequently most rapidly varying are evaluated exactly. These two approximations are not necessary and are generally only used when the number of segments of a raypath approaches 100 or more. To summarize, there are four or five approximations which are often used in generalized ray or reflectivity calculations. These approximations can for the most part be made arbitrarily accurate or avoided altogether with one important exception. The ray sum in the generalized ray approach must be limited to a reasonable number of terms. The convergence of partial ray sums will therefore be given careful consideration in the remainder of this report.
Upper mantle wave propagation problems Models of the upper mantle compressional velocity structure for depths between roughly 200 and 1000 km have evolved substantially as more accurate modelling techniques have been developed. Earlier models based on surface wave or travel-time measurements tended to have weak gradient zones connecting large first-order velocity jumps of 10 per cent or more (Archambeau, Flinn & Lambert 1966; Masse 1973) . More recent models based on very accurate apparent velocity measurements (King & Calcagnile 1976) or waveform modelling studies (Wiggins & Helmberger 1973; Burdick & Helmberger 1978) have had stronger gradients throughout most of the mantle connecting velocity jumps of only about 5 per cent. It was assumed in the waveform studies that the ray sum cocverges very rapidly in the latter type of structure. The ray sums generally included only one direct reflection from each layer in the structure which neglects the effect of internal multiples trapped within the gradients or between the gradients and the discontinuities. This particular partial ray sum will be referred to as the primary ray approximation. In this section, we will determine the accuracy of this partial ray sum for upper mantle velocity structures. Fig. 1 shows upper mantle model T7 along with a much simpler model called 1 A. We will begin with the latter to illustrate two cases where the primary ray approximation breaks down. Then we will return to the complete upper mantle structure T7. All of the approximate methods discussed in the previous section will be used in computing the synthetics, including limiting the number of transmission coefficients and approximating the generalized ray contour. filtered with a narrow Gaussian filter and compared in Fig. 3 . With the exception of the negative peak labelled as the truncation phase, the two sets of responses are-virtually identical. Beginning at 13", there is a direct arrival, the truncation phase and a small secondary arrival. The truncation phase is a numerical artifact which will be discussed in the following section. The travel-time curve in Fig. 2 shows that the secondary arrival is off the end of the triplication at 13' and is therefore a precritical reflection. At greater distances, the truncation phase moves steadily back in the record. The secondary arrival moves up to the front of the pulse where it is the largest and then off the back again. The secondary arrival clearly shows a strong phase shift as it should (Muller 1970) . At 26' it is diffracted rather than critically reflected. The close harmony between the generalized ray and reflectivity results at 13' and 26' shows that for this model at least the primary ray approximation is accurate into the beginnning of both the precritical and postcritical reflection zones. This is encouraging since the approximation usually breaks down first for diffracted arrivals. There will still be an arrival from the discontinuity at distances less than 13' or greater than 26", but it will be very small and out of the time window. It is interesting to note that there is no amplification of the secondary arrival at the ends of the triplication. In a finite frequency band, the pulse simply goes smoothly to zero as it moves back in the record. The amplitudes are infinite at the triplication tip only for infinite
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Figure4. This is the generalized ray step function response for model 1A at 15'. The slow increase followed by an abrupt decrease or truncation phase is caused by failure to include shallow multiples or a purely horizontal ray.
frequency. Before proceeding to the two shortcomings of the primary ray approximation, it should be noted that for the most part the approximation works very well. The agreement between the responses in Fig. 3 is actually quite good. The first of the difficulties to be illustrated with 1A occurs for the shallowest rays. The higher-order multiples in the shallowest layers do affect the results. Fig. 4 shows the step function response of model 1A at 15" as computed by a generalized ray program. The response starts as a step, begins to increase slowly and then drops abruptly after the shallowest ray. Helmberger (1973a) has discussed the slow increase in some detail. He showed that is is caused by neglecting the multiples from the shallowest layers in the model. The drift does not create any great difficulties because it is so slow. It only causes longperiod noise which is usually filtered out by the instrument response. Chapman (1974 Chapman ( , 1976a has suggested that the long-period drift will remain even after the multiples are included because the Earth stretching approximation for P-SV is not sufficiently accurate. The abrupt decrease in the step response after the last ray is the cause of the truncation phase. If the horizontally travelling ray and the nearly horizontal multiples were included they would cancel out the truncation phase. Fig. 3 shows that there is a very similar phase in the reflectivity calculation. It is caused by truncating the angle of incidence integration at some angle less than 90". This again effectively leaves out the horizontally travelling energy. The truncation phase is much smaller for reflectivity because the integrand was tapered near the endpoints. This particular problem with the numerical methods is not too severe for more realistic upper mantle models because the velocities near the top are usually much lower than in 1A. The horizontally travelling energy arrives well behind the first arrival, so the ray truncation or angle integration truncation does not affect the direct body wave phases as strongly. The second major difficulty with the primary ray approximation has a more direct bearing on modelling studies of the Earth's mantle, It appears that internal multiples are important if thin high velocity gradient zones are used instead of first-order discontinuities. Muller (1970) has shown that any partial ray set will not accurately give the response of a transition zone at ranges far enough past critical. However, since we are only interested in a brief time window near the critically reflected direct arrival, this effect is not generally important. actually possible to observe and model analogous supercritical arrivals in long-period seismograms. This is why it is very significant that the secondary arrivals for model 1B are not the same in the reflectivity and generalized ray calculations. Reflectivity predicts that the reflected arrivals for model 1B should be the same as for 1A while the generalized ray method predicts a distinct double arrival for model 1B. The double arrival has about twice the area of the single arrival predicted by reflectivity. For a realistic long-period instrument the generalized ray calculation would be in error by a factor of 2. The inaccuracy of the primary ray approximation cannot be remedied by using more layers in the transition zone. Model 1C has five 1 km layers in the transition. The generalized ray program now predicts only a single arrival, but it is still roughly two times too large. The difficulty is that internal multiples within the transition layers do contribute significantly, and they must be included explicitly in the partial ray sum. In more sophisticated earth models containing regions of both strong and weak gradient zones, the primary ray approximation will probably not be satisfactory.
MODEL T I
We have illustrated that there are some difficulties which can occur if generalized ray calculations are not used carefully in upper mantle modelling studies. We will now show that the primary ray approximation is accurate for an upper mantle model which was based on a waveform synthesis study of long-period records. This is the western US model T7 which is shown in Fig. 1 . The model contains almost 100 layers so the cost of computing its reflectivity matrix was actually quite high. The reduced travel-time curve for the model is shown in Fig. 2(b) . It is interesting to note that the model is nearly identical to the western Russian model of King & Calcagnile (1976) . This suggests that it is a reasonably representative model which will be a useful test for numerical methods. The first triplication of the model begins at a range of about 14" and extends to about 24". The second begins at 18" and extends to 26". A comparison of the computed impulse responses is presented in Fig. 6 . As previously, the results have been filtered with a narrow Gaussian filter. The frequency integration in the reflectivity calculation extended to 4 Hz. The angle of incidence integration ran from 25.3" to 59.2' which corresponds to phase velocities of 15.3 and 7.6 km/s. A cos2 taper was used over 5" intervals at either end of the integration band. The generalized ray calculation included only the primary rays. The agreement between the resulting responses is very good. The differences are certainly much smaller than the noise which typically exists in waveform data. One point of slight disagreement is a small shoulder on the first arrival at 15". This is a reflection from the bottom of the low-velocity zone. The reflectivity angle integration required a strong phase velocity taper sufficiently to suppress the truncation phases. This taper had the effect of partially windowing out the low-velocity zone arrival. The generalized ray result is actually more nearly correct. The large second arrival at 15" is the 400 km discontinuity reflection which is still moving to the front of the record. The last small arrival is the precritical reflection from the 670 km discontinuity. Both arrivals move forward and increase in size until the 400 km discontinuity merges with the direct arrival and begins to move back in the record at 20". The 670 km discontinuity arrival does the same at about 25". The interaction is most intense at about 21" or 22', yet the agreement between the two calculations is almost perfect. The postcritical diffracted arrival from the 670 km discontinuity has become quite small in the last response shown at 28". Beyond this range, the upper mantle velocity structure has little effect on the waveform of the direct P wave.
An arrow shows the arrival caused by the integration truncation in the reflectivity response at 16". Because of the strong taper, the arrival appears small. However, truncation phases generally still present some difficulty in the calculation of upper mantle responses with reflectivity. The expense of continuing the incidence angle integration up to very Generalized Ray vs. Reflectivity Results
Compared to Long Period Data
A.15. shallow angles becomes quite high. On the other hand, a few of the shallower rays can easily be included in a generalized ray calculation to move the truncation phase out of the time window. It was demonstrated in the previous section that finite thickness transition zones can also cause some inaccuracy in generalized ray computations. Since the discontinuities in T7 are first order the primary ray approximation works well, but it would probably begin to break down for models with structured discontinuities.
As a further test, synthetic long-period seismograms were computed with both methods using realistic source functions. The results are compared to some actual data in Fig. 7 . The observed waveforms are from a number of shallow California earthquakes with known source mechanisms. The source functions shown in the figure are actually effective transfer functions for all processes except propagation through the mantle. This includes a source function, the near source free surface interaction, a Q operator and a WWSSN long-period instrument response. Arrows mark the reflections in the data from both the 400 and the 670 km discontinuities. The good agreement shows that the primary ray approximation and a full reflectivity calculation give the same results for realistic source functions as well as for the Gaussian filters used in earlier figures.
L. J. Burdick and J. A . Orcutt

Fast alternative methods
The primary advantages of generalized ray theory over reflectivity are that it costs substantially less and that it offers greater insight into the behaviour of the seismic wavefield. Recently, two approximate methods have been proposed which lend as much insight and are as much as an order of magnitude faster than even generalized rays. The first, called the modified first motion method, was developed by Mellman & Helmberger (1978) and the second, called the first motion alternative, by Chapman (1976) and by Wiggins (1976) . The results of these methods are compared with some generalized ray responses for model T7 in Fig. 8 . The source function is a long-period instrument convolved with a Q operator. The correlation between the resulting responses is not as high as it was between the generalized ray and reflectivity responses, but it is still reasonably good. The synthetic waveforms are similar enough to suggest the approximate methods would be very useful in trial and error modelling studies of velocity structure. The fast techniques could be used for the bulk of the modelling and the exact methods only during the final stages. Another fast approximate method which also shows a great deal of promise is the asymptotic propagator matrix method discussed by Woodhouse (1 979).
Generollzed Ray vs Fast &proximate Method
Results for Model T 7 
Oceanic crust wave propagation problems
Both reflectivity and generalized ray theory have been used extensively to model seismic sections from the oceanic crust. Orcutt, Kennett & Dorman (1976) , Spudich, Salisbury & Orcutt (1978) and Fowler (1976) among others have used the former approach and Helmberger (1968 ), Helmberger & Engen (1978a and Helmberger & Morris (1969 , 1970 have used the latter. The waveform studies have begun to show that in the oceanic crust, as in the upper mantle, much of the net velocity increase occurs in smooth gradients Helmberger & Engen 1978a) . The crust mantle transition is relatively small and the gradient within the crust itself is often fairly continuous. The model which has been selected for comparing the two methods is model SOD-1 from Spudich et al. (1978) . The model is based on observations from the Guadaloupe Island area, profile FF2. The P velocity structure and travel-time curve for the model are shown in Fig. 9 . The main subject of interest is again the convergence of the partial ray sum. Since oceanic crustal models like SOD-1 usually have strong gradient zones at the ocean bottom and at the crust mantle transition rather than first-order discontinuities, the primary ray sum is seldom sufficient. It is usually necessary to include some internal multiples. This is the case for model SOD-1. Fig. 10(a, b) compare theoretical record sections for the model computed using the alternative methods. The reflectivity angle integration extended from an equivalent phase velocity of 9.5 to 5 km/s. The velocity profile in Fig. 9 shows that this corresponds to energy travelling well below the crust mantle transition up to near the top of the sub-bottom transition. The generalized ray sum was selected accordingly. All transmission coefficients and the exact complex contours were used in the generalized ray calculations. The synthetics were computed for an explosive point source, a hydrophone receiver, an appropriate Q operator and also included free surface reflections at both ends of the raypath. As before, the time window and the sources were chosen to be the same as in the original modelling study.
Reflectivity vs. Generalized Ray
Results for SOD 1 The generalized ray synthetics in Fig. l q a , b) were computed using the primary ray approximation. For the most part, the agreement of both the amplitudes and the waveshapes is quite satisfactory. There is a range of distances outlined in Fig. l q a ) , however, where it is not. This breakdown of the primary ray approximation occurs because the multiple rays within the sub-bottom transition can not be neglected. This inaccuracy can be easily rectified as will be demonstrated in the following section. The most prominent feature in the record section is the strong amplification of the signal between 25 and 45 km caused by the crust-mantle triplication. The primary ray approximation appears to be sufficiently accurate in this case. The internal multiples are presumably not as important because the crust-mantle transition is smaller than the sub-bottom transition although the postcritical reflections from the latter zone do not decay rapidly enough with distance. It is clear nonetheless that at these high frequencies the influence of multiples is difficult to predict.
The effect of including the necessary internal multiples on the generalized ray synthetics is illustrated in Fig. 11 . These multiples were pure compressional rays with one extra reverberation in the lowest layer penetrated by the ray. There were 13 primary rays and an additional five multiples were added, one for each layer in the sub-bottom. The multiples brought the total number of rays to 18 which is still a very tractable ray sum. As shown in Fig. 11 , the multiples have a substantial effect on the amplitude and shape of the generalized ray synthetics, and they bring those synthetics into closer agreement with the reflectivity results. In other words, even though the primary ray sum is not sufficiently accurate, the ray sum converges with the addition of a few multiples. As in the case of the upper mantle the amplitudes at the caustics associated with the crust-mantle transition are not amplified. However, a peak in the secondary arrival can be seen around 35 km and is associated with the presence of the geometrical ray caustics.
Conclusions
The primary result of this study is that the reflectivity and generalized ray methods, as they are commonly realized on a computer, yield essentially the same results for the Earth structures which have been tested. This will presumably also be true for other velocity models which have moderate to strong velocity gradients interspersed with moderate discontinuities or transition zones. This means for the most part that the generalized ray sum converges rapidly. In most instances, the primary ray approximation is sufficiently accurate for obtaining the response of a structure from generalized rays. The most significant failures of this approximation occur because of thin high gradient zones. Internal multiples trapped within the zone must often be included accurately to compute the amplitude decay of the supercritical reflection. Small long-period errors may arise if multiples in very shallow layers are neglected in a generalized ray calculation. Large truncation phases may occur with either method, but difficulties of this sort can generally be easily identified and circumvented. The overall results of the comparison are encouraging because the differences which do occur between generalized ray and reflectivity are small compared to the noise level typically found in waveform data.
There is a clear advantage to using the reflectivity method whenever possible since it automatically includes internal multiples, but the method does have some limitations. The first is that the angle integration is limited to real angles, so problems in which body waves and surface waves are not well separated cannot be treated. The second is that the cost can be very high. This is particularly true for upper mantle structures like the ones which have been considered here. The generalized ray method provides a more cost effective tool for trial and error modelling studies. It can treat a more general class of problems, and it usually lends more insight into which parts of the seismic structure are controlling the arrivals in the seismic response. However, it always entails some uncertainty as to the convergence of the ray sum, and its cost can still be considerable. There are a number of relatively accurate fast approximate methods which have recently become available. This suggests that the best approach to future modelling studies may be to begin with the approximate methods, to advance to a generalized ray method for the final iterations and to use a reflectivity calculation to test and store the final results. Reflectivity is ideal for permanently storing the model response because only the reflectivity function needs to be stored. From this matrix, seismograms at any range can be quickly computed at a very low cost.
